A deformation theory for transversally holomorphic foliations is developed here and used to give an explicit description of the transversally holomorphic foliations near the "Hopf foliations" on odd dimensional spheres.
Introduction. In [1] and [2]
we began the study of the deformation theory of holomorphic foliations on a smooth compact manifold. Our aim was to construct a reasonably explicit parameterization of a neighborhood of a fixed holomoφhic foliation % in the space of all foliations by generalizing Kuranishi's theorem on deformations of complex structures on compact complex manifolds. However, in [1] we assumed the existence of a smooth foliation ψ-transverse to the foliation %. The purpose of the present paper is to eliminate this rather artificial assumption. In [3] Gomez-Mont observed that the Kodaira-Spencer machine can be used to show the existence of such a parameterization by an analytic subset of a finite dimensional vector space. However, as is the case for the deformation theory of complex structures, the proof is rather abstract and is not easily adapted to computations. To illustrate our results, we present here a classification of all holomoφhic foliations near the foliation given by the Hopf fibration S 2n+X -* CP n .
We shall now give a more precise statement of our results. The reader is assumed to be somewhat familiar with the notations and results of [1]; but we begin with a short review. Let % be a fixed holomorphic foliation of real codimensions 2q on the smooth, compact, oriented manifold M n , i.e., % is given locally by smooth submersions into C q which patch together via local biholomoφhisms of C q . Let L C TM and Q -TM/L be the (real) tangent and normal bundles of % and fix once and for all a splitting TM -Lθ Q and a Riemannian metric on M respecting it. (In [1] this splitting was assumed to be induced by a transverse foliation. This is not necessarily the case here.) The complex structure map on Q induces a splitting of the complexified normal bundle in the standard way, Q c = <2 (10) θ β (01) and there is a split exact sequence r P In §2 we prove Theorem B and use the fact that the group of biholomorphisms of CP n is the projective linear group to explicitly compute the image Φ.
(o.i) o->£
1. Proof of Theorem A. We begin with a characterization of the operator d Q : (10) ) is given by the formula
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Proof. This is a straightforward computation after writing d Q φ in local coordinates adapted to the foliation % as in [1, page 320] . D
Next define operators [, ] β : Γ(J^!) X T(Eg) -» T(Eξ 2 ), p τ : T(E$) -» T(E$
2 ) and D: T(Eg) -» Γ(££ 2 ) as follows. For φ,ψe r(£*') and *,
We can now characterize holomoφhic foliations near SQ as follows: From the above proposition, it follows that the problem of classifying holomoφhic foliations near % will be solved once we classify the solutions of the equation Dφ = 0. To do this we need the following estimates.
PROPOSITION. Given φ E Γ(£^), the associated distribution E φ defines a holomorphic foliation if and only if Dφ
= 0.
Proof. First observe that a vector Z E ΓM C lies in E φ if and only if 7r(Z) -φ © τ(Z) = 0. Now apply this observation to the vector field Z -[Z + φ(X), Y + φ(Y)] for X, YE T(E) and conclude that [X + φ(X), Y + φ(Y)] E T(E φ ) if and only if
1.7 LEMMA. Let φ, ψ G Hom (£, ρ (10) Proof. The easiest way to see this is to write out explicit local formulae for these operators. In coordinates adapted to the foliation %, 
So we see that Inequality (1.9) follows from this formula. D 1.12 REMARK. Observe that/? τ depends on the splitting (0.1). Suppose that the splitting satisfies the integrability condition [Γ(β (1 ' 0) ), Γ(g (10) )] C Γ(ρ (10) ). Then p τ = 0 as can be seen from (1.11) and the fact that C ι aβ = 0. If (0.1) is induced by a foliation transverse to %, or if % is given by the fibers of a holomorphic fiber bundle and (0.1) is induced by a holomorphic connection, then the above integrability condition is satisfied.
The next proposition shows that we need not examine all solutions of the equation Dφ -0. Proof. The argument in [1, pp. 330-334] . Nowhere in the argument was the integrability of the splitting (0.2) used.
•
To investigate solutions of (1.14) we need the following lemma. 
The following proposition concludes the proof of Theorem A.
1.20 PROPOSITION, φ is a solution 6>/(1.14) with \\φ\\ C oo < ε if and only if it is in the image of the map (1.2.) (P roof, φ is a solution of (1.14) if and only if the following equations are satisfied:
In particular,
Adding, we get the equation
If we apply the Green's operator G Q to the last equation, and use the identity G Q Δ Q = Id -H Q , we get the equation for φ 0 = co ® ^ and X E Γ(Θ C/ ,^). Moreover, the section φ 0 completely determines φ. It is reasonable (and correct) to try φ = gco ® Jf for g a function of CP q satisfying the condition f cpq gv = 1. By the above lemma, (2.6) and (2.7) will hold true.
By Remark 1.12,p r = 0 so to solve (2.5) we must compute [φ, φ] Q : Indeed it is easily seen from (2.13) and (2.14) that the normal bundle of £ φ is generated by the pull-backs to S 2q+X of the one forms of type (1,0) annihilating^.
Denote by % the foliation on S 2q + ι associated to B. From (2.13) we see that the complex structure on the normal bundle is in some sense kept fixed -what changes is the underlying real foliation.
2.16 REMARKS. (1) Since multiplying B by a scalar does not change the foliation %, the map B H> f^, B E SL(g + 1, C) given a parameterization of a neighborhood of the Hopf foliation by a neighborhood of the identity in SL(g -f 1,C). The above discussion shows this parameterization to be equivalent to that of §1. The complex dimension of the parameter space is(#+l) 2 -1. The above analysis can be used to give a more useful classification of holomorphic foliations near the Hopf foliation. (2) Note that Theorem 2.17 gives a parameterization of conjugacy classes of holomorphic foliation near the Hopf foliations by a (^-dimensional analytic space.
